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I. BAYESIAN PRINCIPLES

R.T.Cox (Am. J. Phys. 14 (1946)1) has shown from the requirement of logical consistency
that a probability theory named after Reverend Thomas Bayes can be derived from exactly
two rules. The first is the product rule and tells how to break down a probability or

probability density p(D, H|I) into simpler functions
p(H,D|I) = p(H|I) - p(D|H,I) (1)

The first term on the right hand side does not require further explanation. The second
factor is the conditional probability of D given that H and I are true. Strictly, the left
hand side of (1) is also a conditional probability with condition I which summarizes all the
background of a person which allowed him to specify p(H, D|I). This function is symmetric

in the variables H and D and consequently there exists an alternative expansion.
p(H, D|I) = p(D|I) - p(H|D, I) (2)
The combination (142) of the two expansions results in Bayes’ theorem
p(H|D, 1) = p(H|I) - p(D|H, I)/p(D|I) (3)

Let us identify H with "hypothesis” and D with ”data”. p(H|I) is called the prior probability
of H, it specifies expert knowledge on H before an experiment designed to provide data D
is performed. p(D|H,I) is the sampling distribution of the data ”D” when regarded as a
function of D. We call it the likelihood function when regarded as a function of H given a
fixed set of data D. A warning is here in order. There is no symmetry between variables

and conditions, therefore

/p(D|H, NdD =1 # /p(D|H, IdH (4)

p(D|H, I) is our expectation of possible data sets assuming that we know the physics (= H).
p(D|H,I) is therefore the function which encodes our model of the data. We postpone a
discussion on the meaning of p(D|I) in (3). It is a constant in the present context which we
will show to ensure normalization.
Bayes theorem allows for an inverse conclusion. Given that our model H allows to fit the
data, the product
p(H|I) - p(D|H,I) (5)
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FIG. 1:

allows us to assign the probability p(H|D,I) of the truth of our model. This was a major
progress in medieval philosophy, since at Galilei’s time the conclusion inversion ” Animals,
which move, have extremities and muscles. The earth has neither extremities nor muscles,
consequently it does not move” was considered to be conclusive proof against his observa-
tions.
We now proceed to the second rule, the sum rule. Given two hypotheses H; and Hj it
says
p(Hi + Ho|I) = p(H|I) + p(Ha|I) — p(Hy, Ho|I) (6)
The plus sign " H; + Hy” should be read as an "or” while the comma ” Hy, Hy” should be
read as a logical "and”. The meaning of the sum rules is best explained with the reference
to Fig. 1. The probability that H; or Hy are true is equal to the probability that either H;
or Hy are true minus the probability that H; and H, are simultaneously true. An important
special case arises if the H; are exhaustive and mutually exclusive. Mutually exclusive means
no overlap diagrammatically. Exhaustive means that they cover all conceivable possibilities.
We then have
p(Hy + Hy + 1) = p(Y | Hill) = 1 (7)

Let us then consider the function p(D, > H;|I). First we apply the product rule to obtain
ZH|] = p(D|I) - ZH|D I) = p(D|I) (8)

The last equality in (8) holds because of (7) since regardless of what the data D are the
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H-space is exhaustive.
ZH|D[ ZH|] )=1 (9)

In a case where a conditional probability p(z HZ-|D,I) is independent of the conditional
variables we call it logically independent of thé respective conditions. We shall make ample
use of logical independence in the following.

Next we apply the sum rule (7) to the left hand side of (8) in the reverse direction to

obtain
p(D.3SHID = 3 p(D, Hl) (10)

By comparison with the right hand side of (8) we obtain the important marginalization rule
p(D|I) = Zp (D, H;|I) (11)

As a first example for the application of sum and product rule we consider an urn with
w(hite) and b(lue) balls with masses m, M. The following table describes the contents of the

urn. If we ask for the probability to draw a white ball regardless of its mass, the answer is

o, # pla, B)
w, m 100 0.1
w, M 200 0.2
b, m 300 0.3
b, M 400 0.4

provided by the sum rule
p(’LU) :p(wam)+p(waM) (12)

Inserting the numbers from the table yields p(w) = 0.3. Next we ask for the probability of
drawing a ball with mass M given that it is white. We apply the product rule

p(M,w) = p(w) - p(M|w) = p(M|w) = p(M,w)/p(w) (13)

Inserting numbers from the table and (12) yields p(M |w) = 2/3. It is instructive to convince
oneself at this point that p(M|w) # p(w|M). Expand the left hand side of (13) alternatively
as

p(M,w) = p(M) - p(w|M) = p(w|M) = p(M,w)/p(M) (14)
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which yields p(w|M) = 1/3. This comparison highlights the asymmetry between arguments
and conditions in a conditional probability.

As a second application of the sum and product rule we consider a problem whose solution
is not immediately obvious. A show master acts on a stage with three doors. Behind one
of the doors is hidden a price, e.g. a car. The candidate has to choose one of the three
doors which remains, however, closed. The show master opens another door, of course one
which leaves the prize hidden. The candidate has now to make his second choice between
two doors to open. Should he stay with his first choice or should he change his mind?
Does it matter at all wether he changes or not? To find the answer we need the probability
p(W1S,I) where "W?” now stands for ”Win” and ”S” for ”Strategy” and the rules of the
game are summarized in ”I”. With the definitions

W: win

S: choose new door

o: a nuisance variable with o = 1: first choice correct and ¢ = 0: first choice wrong. We
obtain p(W|S, I) by application of the sum rule

1

p(WIS,1) = 3 p(W, 018, 1) (15)

o=0
Application of the product rule to the sum terms transforms this into

1

p(W|S,I) :Zp(0|s,[)p(W|U,5,[) (16)

=0
The probability p(c|S, I) is logically independent of S and takes on the values p(c = 1|I) =
1/3 and p(o = 0|I) = 2/3. The second term p(W|o, S, I) yields 1 for o = 0, because if the
first choice was wrong the rules of the game dictate that the show master opens the other
”no win” door. Correspondingly p(W|o =1, S,I) = 0 because if the first choice was correct,

a subsequent change cannot lead to win. Therefore

pOVIS, 1) = plo = Ol1) - p(IWlor = 0,8, 1)

. v

2/3 T
2
+plo=11)-p(W|o = 1,5,T) = = (17)
173 0

The strategy S to choose a new door is therefore advantageous since the probability to win

on application of this strategy is 2/3.



FIG. 2: Range and possible values of a parameter provide an exhaustive and mutually exclusive

set of hypotheses.

A. Probability distributions

In the previous two examples the variable H took on only two discrete values. A transition
to the continuous case is obtained if we allow the numerical values x; associated with H to
cover a certain range, e.g. 0 < z < 1. Let x; be the hypothesis that 0 < H < 0.1, x5
the hypothesis that 0.2 < H < 0.3, etc. These alternative hypotheses are exhaustive since
they cover the whole allowed range [0, 1]. They are also exclusive since a measurement on

H cannot provide two values at the same time. This means
p(@1| 1) + plas|T) + Zp 1) _1%/ o|I)dz (18)

Now consider a second variable y

p(y,x1ll) = pyll) - plely, 1)

(19)
py,znlI) = pll)-plenly,I)

>k Py, D) = p(yll) - 32, p(akly, I)

The second factor on the right hand side is in analogy to (8) equal to one which yields

/ p(y, 2 T)dz = p(y|T) = / plal) - plylz, T)dz (20)

(20) is the extremely important marginalization rule for the case of continuous probability
densities. We shall use it repeatedly in the sequel. Before we discuss an example for multi-
variate, conditional, and marginal distributions we give a short account on one-dimensional

Gaussian integrals.



B. Gaussian integrals

A frequent analytical form, either exact or as an approximation, for a probability distri-

bution is a Gaussian function GG. We consider

exp{—22? + Bz — £}

G(z|A, B,C) = 7 (21)
where 7 ensures normalization. Explicitly
i A C
Z = / exp{—5352 + Bx — E}dx (22)

First we transform the argument of the exponential into a complete square plus a residue

A, ¢_Q 2
57 Bx+2—2(x zo) + R (23)

Comparing coefficients yields

(24)
9 = B/A, R=3(C—B?*/A)
The integral becomes
1 , i A ,
Z = exp{—5(C = B7/A)}- [ exp{—(x — o) }dw (25)

The substitution £ = (x — xg) - \/A/2 transforms this into

Z= /2 expl -1~ B} [ ewi-enae (26)

The remaining integral I = [ exp{—§*}d¢ can be found easily via

—o0

I? = /dg/dne_(§2+’72) = 27r/palpe_”2 =7 (27)
—00 —00 0

so that the normalization integral Z becomes

Z= [ espi-L(c - 2/ (28)



Later on we shall wish to evaluate expectation values for  and z?

1 f A

<e>=— /x-exp{—§x2+Bx— %}dx (29)
1 r A

<1 >= 7 / 7’ exp{—§x2 + Bz — %}dm (30)

(29) can be expressed as

1 0 A, ¢, 190Z 0
+Bx_5}_28—3_ 5B log Z (31)

Similarly we obtain for (30)

1 9, r A C 0
2 _ 1 50\, Ao _Uy 59
<zt >= Z( 28A) /dxexp{ 5% + Bx 2} 28A10gZ (32)
Using (28) we obtain explicitly
<1 >= B/A, <2?>=1/A+ B?/A* (33)

More interesting than the expectation of 2?2 is its variation with respect to the mean value

< x >. This is called the variance

var(r) =< (r— <z >)* >

var(r) =< 2? > -2 < <a>>+ <1 >=<1’> — <73 > (34)
with the previous results (33) the variance becomes

var(z) =< Az >=1/A (35)

C. Product rule and marginalization

Let us consider a probability distribution of two variables x, y. p(x,y) is positive semidefi-
nite and constitutes a bubble above the (x —y) plane. As an example we consider a Gaussian
functional relationship

2

2
o Y Ty
= —— =22 Z 36
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Using the product rule p(z,y) may be written as

p(z,y) = p(z) - p(ylv) (37)

In order to understand the three distributions in (37) better we shall calculate the right

hand side from the form (36). First we calculate p(x) using the marginalization rule (20)

1 x? y? azxy
—— |4 -z _Z _ 38
b= [ drewlgy — 5= 1 (39)

The integral is of the type (22) with A = 1/07 C = 2?/0o and B = ax/(0,0,). Our
standard formula (28) leads then to

p(x) = % . ay\/ﬁexp{—%(l —a?)} (39)

from which we can read using (28) immediately the normalization

/p(x)d:v = %ay\/ﬁ 0,V 271 V1 — a2 (40)

hence
1—a? x?
= ——(1—-a? 41
) =\ o X0l (1 ) (41)

Knowing p(x) and p(z,y) we obtain the conditional distribution p(y|z) from

PlOI) = Bl ) /pl0) = e espl =gy a7 (42)

T

p(y|x) is a series of one dimensional Gaussian functions in y shifted by —axo,/0,. Fig.3

depicts the three distributions.

D. Likelihood, prior, evidence and posterior

A proper understanding of the probabilities which enter Bayes’ theorem is of crucial
importance for a successful application of the theory. We shall now explain the various
terms by reference to a particularly simple example. Consider a set of measurements d; on

one and the same quantity g (think for example of the quantum Hall constant)

dy = pte dy — p =+

dN:/,LjZSN dN—/,L::lZSN (43)



P(x,y)
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o
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FIG. 3: The two variable distribution p(x,y) and the associated marginal p(z) and conditional

p(y|z) distributions.

We now make the strong assumption that the measurement errors ¢; are Gaussian distributed

with zero mean and variance o2

. We shall show in the next chapter that the assumption
”Gaussian distributed” can be relaxed in the framework of the principle of maximum entropy
leading to the same result, namely

1 g2 1 1
—— Y =1pd I d I = ———(d — 1)?} (44
— 75z {57} =pldm oD, pldln,o,T) = —= exp{=g5(d = )} (44

p(ell) =

For N measurements we have to consider

p(di,ds, ...dy|p, 0, 1) = p(dy|p, o) - p(ds, ...dx|dy, p, 0, 1) (45)

where we have used the product rule to expand the left hand side of (45). Now, if the
measurements ds...dy are independent of the outcome of experiment 1 then the second
factor in (45) is (logically) independent of d;.

By repeated application of the product rule and the argument of logical independence we

obtain
N

pdln,0,1) = (=) expl—5r (= )7} (40




p(d)p, 0, 1) when regarded as a function of y is our likelihood function. Since we shall o
assume to be known for the moment the only quantity which we want to infer from the
likelihood is the numerical value of p. To this end we need the distribution p(u|d, o, I)

which we obtain from Bayes’ theorem

p(uld, o, 1) = p(plo, T) - pl(dlu, o, T) /p(d|o, T) (47)
p(u|o, I) is the prior probability which we associate with u. Since p(p|o, I) is our knowledge
before the experiment to obtain d is carried out and since this experiment specifies o we
conclude that p(u|o, I) = p(p|I) is independent of . The prior probability of x4 has now to
be specified.

Different persons will, according to their different expertise come to different conclusions
here. We shall assume that earlier measurements have yielded a value g of 4 with standard
deviation S. We shall show in the next chapter that this state of knowledge specifies p(u|I)

as

_ 1 1 2
p(plpo, S, 1) = T h 5gz (1~ Ho)"} (48)

The final quantity we need in Bayes’ theorem to completely specify the posterior distribution
p(u|ci: 0,1) is the so called evidence p(cﬂa, I). This distribution is not independent of prior
and likelihood. We rather find that

pdlo, 1) = / p(d. o, T)dp = / p(ulo, 1) - p(dls, 0, T)dy (19)

[t therefore serves to normalize the right hand side of (47) and thereby provides a normalized
posterior. We shall calculate p(d]o, I) first using the prior (48) and the likelihood (46)

N

pldlon) = (U 1%) / duexp{—ﬁydi ) g (i uof} (50)

=1

We introduce the notation . d; = Nd and 3" d? = Nd? and order the exponent in (50) in

decreasing powers of p

1 & 1 N 1
S o e =~ (o i) L (ot
5o2 “( 1) = gz (= 1o)” = =5 ud + 11 ) = 5o (1 = 2mp10 + 11g)
2 = B2
w [N 1 Nd g 1| Nd 15
=Bl R QR s R S |
2{02+52}+M{02+52 2| o? +S2 (51)
s B —



The notation A, B,C' corresponds to the notation adopted for the evaluation of Gaussian

integrals (22-35) and allows us to derive immediately mean and variance of u as

B Nd/o® + /S
A N/o2+1/52
1 1 B S22

A N/o2+1/S2 NS2+o?

<p>=

(52)
<Ap?>=

It is interesting to investigate the large N limit of the expressions (52). For large N the
expectation value < p > becomes < u >— d independent of the prior knowledge. The
same happens for the variance which becomes < Au? >— ¢?/N. For moderate and small

N we must refine the discussion. Consider the ratio R

) = 2
R:%%:N%-% (53)
If our prior knowledge happens to estimate the outcome of the experiment correctly, e.g.
d ~ iy and further if the prior estimate is of similar precision as the measurement S ~ o then
the amount of prior knowledge which enters the posterior estimate corresponds to exactly

one data point d(!). If the prior knowledge is not that precise e.g. S larger than o, then the

prior information corresponds only to a fraction of a measurement. In all cases since
1/ (N/o*+1/5%) <1/ (N/o*) (54)

the informative prior (48) decreases the variance of the posterior, but the amount declines
rapidly as the number N of data increases.

Finally we investigate p(d|o, s, S, 1). From (51) we have

sl s = oo () ew{deo-mm) 6

which we now want to investigate as a function of py. Since only the coefficients B and C'

are 1o dependent it is sufficient to look at

1| N 2 (N oy

7 Ho o2 52

I ~ —_— _ _——

p( |07 Ho, S7 ) €xp 2 0_2 + S2 N/O'2 + 1/52 (56)

For a given data set with d and d2, a data summary which is called a sufficient statistic, the

function (56) tends to zero as py — Fo0o. Moreover, since it is positive everywhere it must

11



have a maximum at finite py which we find from

d | N2 py? Nd 2 522 B
d—uo{—a? +§—<?+§ ol Gl (57)
to be
fio=d (58)

The evidence has a maximum at /iy = d, that is exactly when we happen to dispose of prior
information equal to what the data tell. Another frequently used expression for ”evidence”

is (now understandable) ”prior predictive value”.

E. Iteration of the data information

Many people, who first learn about Bayes’ theorem propose the cunning idea to use it
iteratively. This means, when we have obtained a posterior distribution from Bayes’ theorem
would it not be a good idea to use this posterior as a prior for a reanalysis of the data? The
kind of question anticipates the answer: no(!). We shall demonstrate what happens using
the likelihood (46) as an example

p( _]Mv 0, [) = ! i exp _% XN:(dz - /1’)2 (59)
204 4

oV 2T

Our aim is to estimate p. Bayes’ theorem yields

p(pld, o, 1) = p(ulI) - p(dlp, 0, 1) /p(d]o, I) (60)

In order to keep things simple we choose a flat prior for u

1
p(/,L|[) = K, A - ,umam - ,U/mina ,U/mm < /’L < Mma:v (61)

with A sufficiently large such that the likelihood is ”essentially” zero outside the range of
p(p|1). The posterior distribution is then

pud o0 =5+ (=) exp{—r;Ddi—m?}/p(cﬂa,f) (62)

oV 2w —

We shall only ask for the maximum and width of this distribution as a function of pu. We

may then go over to proportionalities and delete all terms which do not depend on p hence

PV (u|d, o) ~ exp {—% > (di - u)Q} (63)

=1
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Now applying Bayes’ theorem once more with (63) as a prior and (59) as likelihood yields
the posterior p®

N

— — 2
@~ pO(pld, o, 1) - I) ~ ——— (d; — p)? 4
p” ~p(uld, o, 1) - p(dlp, o, 1) exp{ - > (d; — p) (64)

i=1
p® has the same maximum as p(!) namely i = d. Note however that the variance has
decreased by a factor of 2. M iterations of the above kind would still yield a maximum
of i = d but a variance smaller by a factor of M compared to (63). Since we can make
M arbitrarily large we can generate a result independent of the order of iteration but with

arbitrarily high precision which is obviously a complete nonsense.

F. DPosterior characterization

The full answer of a Bayesian analysis is the posterior distribution. This can easily be
visualized in two and three dimensions. Apart from the fact that this leaves the question
how to proceed in higher dimensions it is quite useful to summarize the posterior in terms
of a few numbers. We have already used the mean (29) and the variance (34) to obtain a

point estimate of a distribution and its confidence limits. In case of a Gaussian distribution

Glalwo, o) = U\}% exp {—%‘Z(x _ :vg)?} (65)

these are

< x >= X, V< Az? > =+0 (66)

The situation is depicted in Fig. 4 which shows a Gaussian function centered at z, and the
positions z¢ £+ 0. We note that the area in each of the wings is 0.1586.

In case of a Gaussian function we may have equally well chosen the maximum and the
curvature at the maximum. The curvature at the maximum, approximated by the second

derivative is

() = = (67)

So things are simple and straight forward for a Gaussian. A frequently chosen procedure for

non Gaussian posterior distributions is the Gaussian approximation. Let
p(z|d,0,1) = exp{—¢(z)} /Z (68)

13



G(X|X,,0)

X,\_G Xn X,,+O'

FIG. 4: Approximately 68% of the mass of a Gaussian probability distribution is concentrated in

the region (z¢g — o) <z < (z¢ + 0)

Now expand the argument of the exponential in a Taylor series up to second order in x

around the maximum =, of p(z|d, o, I)

0 1 0?
6(2) = 6(m) + 1) 45

e (T — xm)Q (69)
At the maximum of ¢ the first derivative term vanishes and the coefficient of (z — z,,)? is
equal to )

AT (10)
The Gaussian approximation, though meaningful in many cases, may not be applicable. This
is true if the original function is strongly asymmetric, multimodal, or has no well defined
moments at all. A simple case, where the Gaussian approximation would be misleading, is

the Lorentzian

ol 1
L = —— 71
Both the first and the second moments are not defined on this function since the integral I,
r d
0 x"dx
I, = — _ 72
n T o / 2%+ 42/4 (72)

diverges already for n = 1. A useful alternative in this case is the median z. It is defined

[ talnds =3+ [ plainas (73)

There are two advantages for this definition. The median does exist for every normalizable

probability distribution and is also meaningful for multimodal and asymmetric distributions.

14



But apart from the point estimate & we want usually also some measure for confidence limits.
There is no generally agreed solution to this operation. One possible definition would be to

choose those values z;, and z; for which

Tio &)
/p(x|[)dx = /p(x|[)dx = 0.1586... (74)
—o0 Thi

in analogy to the Gaussian case (see Fig.4). For a Lorentzian this recipe yields

Tlo

vy dZU 1 T 237[0
ECCI S ) G 75
277/ 212/ w{2 Ty } (%)

and after solving for x;,, ;, = —0.927 corresponding to roughly twice the half width while
the Gaussian approximation yields x;, = 0 = —v/v/2. (74) allows of course to define
asymmetric confidence limits. In summary we point out that the full answer to any problem
is the complete posterior. Caution has to be observed when characterizing it by just a few

numbers.

G. Sequential or one step estimation

Suppose we have a set of data d which suggests some obvious decomposition into a set
J; and a set d; J; and dg may stem for example from measurements on different days. The
model which we employ to explain the data may be characterized by a set of parameters 0.
The question then arises wether we should analyze the composite data set d or should we
analyze JI and use the posterior distribution of the parameters 0 as a prior distribution for
the analysis of dy. The posterior distribution of the parameters given the composite data

set is given by Bayes’ theorem as
p(Oldy, ds, I) = p(O11) - p(dy, da|, T) /p(d,, do| ) (76)
Next we expand the likelihood p(cfl, CZ2|9_; I) employing the product rule
p(dy, do|f, 1) = p(d|0,T) - p(do|d:, 6, 1) (77)

If we now assume that the values J; are not influenced by the previous measurements cfl,

then the second factor in (77) becomes logically independent of d;. Equation (76) may
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therefore be rewritten in the form

777 A Np(dG. 1) p(dy)f. 1
p(9|d1,d2,[) — p( | )p_g 1| ) ) ] p(_’2|_’, ) (78)
D@D pldildy )

The first factor in (78) is obviously the posterior distribution of the parameters based on the
data set cfl The second factor is the likelihood of the data set J; divided by the conditional
evidence p(da|d;, ). This term cannot be simplified further since the evidence of the data
cfz depends of course on the information about the parameters f contained in data set cfl
The situation is similar to the previous discussion of the prior predictive value. p(d;|cfl, I)
will reach its maximum when data set d; is best explained with the numerical values of the
parameters from the analysis of data set d; . The answer to our questions is therefore that
sequential and one step parameter estimation are equivalent and lead to the same answer.
Note that our proof assumes that the full posterior distribution based on cfl is employed
as a prior for the second step. The equivalence of sequential and one step analysis is not
guaranteed if only estimates of mean and (co)variance of the posterior from the first step

enter as the prior information in the second step of the analysis.

II. ASSIGNING PROBABILITY DISTRIBUTIONS

We have employed Gaussian functions for the prior and the likelihood in chapter I. In
the latter case we made the strong assumption of a Gaussian error distribution. Gaussian
functions are convenient for analytical calculations. However what do they really mean?
Are there other possibilities? We shall now turn to the general problem of formulating
distribution functions which encode our knowledge. Two different paths will be pursued:

the principle of maximum entropy and the requirement of transformation invariance.

A. The principle of maximum entropy

The derivation of distribution functions from the principle of maximum entropy subject
to additional restrictive conditions was first introduced by E.T. Jaynes (Phys. Rev. 106
(1957) 620). The Shannon entropy (C.E. Shannon, Bell Syst. Techn. Journal 27(1948 )
379) reads

= S ptoe P = — ey ios 2 g,
s=-Ymlog . 5= [ pla)ton 5 (79)
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where p is the distribution whose entropy is to be maximized and m some reference distribu-
tion which makes the argument of the log function invariant under a transform of variables.
m(z) allows also to introduce prior knowledge which we deem important about p(z). This
can be most easily seen if the additional knowledge which we would like to encode about
p(z) or rather p; is the normalization. We treat the discrete case for illustration. We use

the formalism of Lagrange multipliers to maximize the entropy subject to the condition

Zipizl-
Q=- sz' log(pi/mi) + A (Zpi — 1)

0Q
T og(pr/mx) + 0
pr = my-exp{l — A}, E p; =1 (80)

The normalization condition fixes the Lagrange parameter A\ to be 1. Hence we obtain
p; = m; for all 7.

Let us pursue the discrete case further and consider a dice. In addition to the normal-
ization we now impose the auxiliary condition that the average score in a sufficiently large
number of throws is 3.5(1+¢). We will see that ¢ = 0 corresponds to an ideal dice. However
a dice is never really ideally balanced. The question is now what can we say about the prob-
ability of a particular outcome of a throw given only the information that the probability is

normalized and the average result is 3.5(1 +¢)? The Lagrange optimization problem is now

Q:—ijlongj—Fu(ij—l) + A (ijj—3.5(1+s)> (81)

In this functional we have taken m; = 1/6 for all j, a result which we expect for an ideal

dice. Proceeding in the optimization as before we obtain the system of equations

pr = —exp(p—1+2)

Zpk =
k

» kepr = 35(1+¢)
k

= o=

(82)
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Inserting the explicit expression for p in the two conditions yields

6 6
1 1 _
Lo = Laio s oy
k=1 k=1
1 ‘ 1,0 <
— et Z ket = Zert— Z ek (83)
6 — 6 oA —

The series in the first equation of (83) is a geometric series with initial term 1 and increment

e* which sums to
1 A A

6
_ e —e
N (®4)

k=1

The calculation of the second equation (83) is now straightforward and yields

6

1 6e3r — 7e™ + e

k-pp=—e . 85

Z Dk 66 (& —1)? (85)
k=1

The ratio of (85) and (84) eliminates the Lagrange parameter y and leads to the equation

which determines A
6e8r — 7e™ + et

(er —1)(e"\ —et)

An approximate solution of (83) can be obtained for small € by expanding numerator and

3.5(14¢) = (86)

denominator in (86) up to third (!) order with the result
A 6-¢/b (87)

The following table presents the solution p; for an ideal and two slightly misbalanced dices.
Tiny violations of the normalization occur in course of rounding the results to three signif-
icant figures. The approximation error involved in (87) is smaller in all cases. What is the
significance of our results? Surely there exists an infinite manifold of differently unbalanced

dices having a preset average score.

av. Score P1 P2 p3 P4 Ps Ps
3.71 0.138 0.149 0.160 0.172 0.184 0.198
3.50 0.167 0.167 0.167 0.167 0.167 0.167
3.29 0.198 0.184 0.172 0.160 0.149 0.138

The principle of maximum entropy selects from this manifold the least informative pos-

sibility. This argument applies also to a dice with average score 3.5. Also for this average
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score there exits an infinite manifold of possible realizations. Maximum entropy selects from
this manifold the uniform distribution p; = 1/6 for all j. So far for maximum entropy in
action for the case of discrete probabilities! Next we consider maximizing the entropy of a
continuous probability distribution subject to side conditions.

As a first type of condition we consider the knowledge of moments M of the function
p(z)

My = /a:kp(x)dx (88)

The optimization problem is then

Q:—/ (x) logi((xx) +Z)\k{/ dﬁ—Mk} (89)

The functional derivative of QQ with respect to p, 0@ is called the variation

5@2—/(5p{10g Ti(é)) —i—l—Z)\kxk}dx:O (90)

Since we require that this integral (90) vanishes for arbitrary variations dp the conclusion is

that the bracket under the integral in (90) must vanish. This yields immediately

plz) = (em{1+zyw} (91)

and )\, have to be chosen such that

My = /m(x)xk exp {—1 + Z )\ixi} (92)

Note that M, can be obtained from M, via

)
M, = —M
S P Vi (93)

We shall now consider important special cases. Suppose our only knowledge consist of the
normalization requirement in a support interval [a, b]. Assume further that m(x) = 1. Then

My = /exp {-1+XN}dr=((b—a)exp{-1+ X} =1 (94)

a

() = exp {1+ Xo} = (95)
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The principle of maximum entropy yields in this case the uniform distribution. The result
is intuitively correct and in line with Bernoulli’s ”principle of insufficient reason” later on
renamed by Kaynes as the ”principle of indifference”. A second important special case arises
if we assume to know in addition to normalization also the expectation value < > of z in
[a, b].

b

My = /exp {=14+Xo + Nz} de

a

My = exp {—1+ )\0})\% - (exp(Aih) — exp(\ya)) (96)

The first moment is obtained using (93) as

6—1+)\0

At

M, = {ber? — e — (eM' — M) N} (97)

No general analytical solution of (96, 97) in terms of Ay, \; exists. For arbitrary numbers
a,b the equations must be solved numerically. This affects the numerical values of Ay, Ay
but not the fact that the distribution is an exponential. The important special case a = 0

and b — oo has however a simple analytical solution and leads to
(] <w>) = ——-exp{-a/ <z >) (98)
r|<r>)=——-exp{—x x
b <z > P

Let us finally consider the case that My, M, and M, are known numbers. The maximum

entropy distribution is in this case

p(z) =m(z) exp {1+ Ao + Mz + \oz?} (99)
a shifted Gaussian regardless of what the support interval of = is . For the special case
m =1 and —oo < x < oo the integral My has already been calculated previously (28)

1/2
My = (;) exp {1 — Ao — A2/4),} (100)
2

Expressions for M; and M, are then generated by application of (93). In terms of the
characteristic parameters of a Gaussian, namely position < x >= M; /M, and variance

0'2 = (MQ/MO — (MI/M0)2) we obtain

pla| <z > 0)=

1% exp {—ﬁ(gg— <z >)2} (101)

o
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This result (101) is very important, because it tells us that only knowledge of the first three
moments and application of the principle of maximum entropy specify the least informative
probability distribution as a Gaussian. Our strong assumption in formulating the likelihood
(44) that the errors are Gaussian distributed can therefore be relaxed to the assumption
that the mean error ¢ is equal to < g; >= 0 and the mean square error is < 7 >= .
Among the infinite number of distributions which can be chosen to fulfil these criteria, for
example rectangular or triangular distributions on a finite support, the principle of maximum
entropy selects a Gaussian. The Gaussian likelihood (44) applies therefore to a much wider

class of problems as initially expected. Having exploited the principle of maximum entropy

for the ordinary moments M (88) we now consider the generalized moment

M9 (p) = / 9(2)p(z)dz (102)

We maximize

¢ =— / p(z) log Z(é)) dz + \ <M9 . / g(x)p(x)dx)

5 = /5p{—logf;((z)) —1—)\g(x)}da:

For arbitrary nontrivial variations of p the bracket under the integral must vanish. This

(103)

yields

p(x) = m(z) - exp{—1— Ag(z)}
MY = /m(x) exp{—1— Ag(x)} g(z)dz (104)

Important functionals g(z) are

g(@) =f@)P g)=I1f' (@) gx)=1f"@)I% ga(z)=f?/f
which quantify our knowledge about the ”power” contained in f(z), (¢1), or characterize

the smoothness of f(z) in different ways (g2, g3, 94)-

B. Prior probabilities by transformation invariance.

The principle of maximum entropy provides a powerful recipe to formulate prior proba-
bilities which encode specific knowledge. Another important class of priors, in general less
informative, results from the requirement of transformation invariance. We shall consider in

the following specific cases. Let o be a scale variable as for example in (44) where o sets the
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scale for {¢;}. Let p(o) be the probability distribution for 0. P(o) is a probability density
and p(c)do is an infinitesimal mass element of probability and is a number. Transforma-
tion invariance requires that this mass element remains the same when described in another

system of coordinates o’. For the number p(o)do this implies
p(o)do = p(o')do’ (105)

but of course p(o) # p(c') in general. Let us now investigate the behaviour of (105) under

the transform o' = -0, do = ado
p(o)do = p(ao) - ado (106)

(106) must also hold for infinitesimal transformations. To exploit this requirement we Taylor

expand both sides of (106) around o = 1. This yields

p(o) =p(o) + {p(ao) + a-op'(ao)},_, (o —1) (107)

Comparing coefficient of powers of (o« — 1) on both sides leads to

p(o) +op'(0) =0 (108)
with the solution
const
po) == (109)

The distribution (109) is known as Jeffrey’s prior. It is not normalizable in 0 < 0 < 0. A
distribution which is not normalizable is called improper. Of course there does not exist any
moment. The distribution is therefore also uninformative. Improper distributions require
special care, they should always be regarded as the limit of a sequence of proper distributions.
(109) is normalizable in any finite interval 1/B < ¢ < B and is therefore the limit of the
sequence

1 1 1

_ L _<ys<B 110
p(o) 210¢B o B-7° (110)

for B — oo. Before proceeding to another special case we shall demonstrate an application

of (110).

C. Application of Jeffrey’s prior.

When formulating the likelihood function for a data set {d;} with common mean p we

have assumed in (44) that all the data have the same true error 0. While we may have
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reason to assume that the measurement error on all the data is the same we hardly ever
know its true value. We now take the opposite also unrealistic position to pretend to be
entirely ignorant about the true error o. In this case we must infer the mean value from the
marginal likelihood p(cﬂu, I) instead from p(cﬂu, o,I). p(cﬂu, I) is obtained by application
of the marginalization rule as

— —

p(dl, 1) = / p(d, o\, T)do = / p(o Dp(dlps, 0, 1)do (111)

Of course p(o|p, I) is logically independent of . Complete ignorance with respect to o is

expressed by (110)
B
. 1\V? 1 1\"* a  do
D= (5-) 7 [(5) ew-F (112)
2 Z. o 0% o

1/B
where we have introduced a new parameter . It serves to incorporate Jeffrey’s prior for
e = 0 or alternatively a constant uniform prior in 1/B < ¢ < B for ¢ = 1. The prior
normalization depends of course on ¢ and this is expressed by the e—index on Z. The
exponent « is an abbreviation for

0= 3 = Y —dd ) =

1 — 1 — o

D SUERUEEES SCEIN IS S RIS (113
The second sum on the right hand side does not depend on i and is hence equal to 1/2 -
N(d — p)%. In the third term we can take for the same reason (d — ) out of the sum which

is then seen to be equal to zero. Then a becomes

o= N ) + 5 3~ 0 (114)

i
The above integral (112) shows up frequently in Bayesian calculations. It can be obtained

in closed form for B — oo by substituting z = «/0?

Iv(a) = 7 (2) espicaser =1 00 (115)

o o

Collecting terms we arrive at the marginal likelihood

. N/2 N—¢
pann=(3) 3 e ) (116)




Our goal, an estimate of p and its confidence limit follows from Bayes’ theorem

p(pld, I) = p(u|I) - p(dip, I)/p(d|I) (117)
Choosing p(p|I) flat in some sensible range fiyin < p < fimaz completes the specification of
the posterior distribution. Note, that it is non Gaussian and consequently our considerations

about characterization of the posterior apply. This yields the point estimate /i

d R
3 08P Wlu=i =0, fi=d (118)
and the variance
1 d? N(N —¢)
| = 119
5= 2 ogp(1)la >(d, — d) (119)

Thus the posterior is summarized by

> (di — d)?

I =d+
a (N — )N

(120)

The to most physicists familiar N(/N — 1) denominator under the square root results if we
assume a flat prior in 0. The appropriate uninformative prior is however 1/o corresponding
to € = 0. We realize that this results in a slightly smaller variance and represents correctly

the inference on the basis of the assumed prior knowledge.

D. Location prior

If we apply to (105) instead of the similarity transformation ¢’ = «o the translation

p' = g+ b then
p(p)dp = p(p + b)dy' (121)

dp = dp' in this case. We Taylor expand both sides of (121) as before around b = 0

p(p) = p(p) +p' (1) (1 — D) (122)

and obtain after comparison of coefficients

p(p)=0 p(p) = const (123)

Again, this prior for a location variable is only normalizable on a finite support. If we

insist on complete ignorance the support is infinite and the prior is improper. For practical
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purposes it should always be regarded as the limit of

1
p(p|B) = 35 —B<u<B, B — o (124)

or other conceivable sequences. From the foregoing two examples one might wonder wether
transformation invariance leads invariably to improper priors . This is not the case as we

shall demonstrate now.

E. Straight line fit

An interesting and in the analysis of physics data ubiquitous problem is the fit of a
straight line to a collection of points (z;,y;). We shall first deal with the simplest possible

model which consists of straight lines passing through the origin. Assume the model
Y; = ax; + & (125)

and in addition < g; >= 0 and < £ >= ¢?. The likelihood for this case follows then from

the principle of maximum entropy as

p(Y)Z, 0,a,1) = ! exp —% Z(yl — ax;)? (126)
20

o\ 2T -

from which we want to estimate the slope a. Bayes’ theorem allows for this inverse conclusion

plalg, &, 0,1) = p(a|D)p(§|Z, 0, a,1)/p(§]7, 0, 1) (127)

In order to exploit (127) we need to assign a prior in a. This is a nontrivial problem as is
evident from Fig. 5. The left panel shows a collection of straight lines through the origin
with constant increment in slope. This corresponds to a flat prior in a. This is obviously
unacceptable since this prior contains the information of an amassment versus large slopes.
Intuitively an uninformative prior for a straight line through the origin should attach equal
probability to every direction such as in the right panel of Fig. 5. This figure was generated
with constant increments in angle with respect to the x-axis. In other words it is flat in the
polar angle ¢. The important lesson to be learned from this figure is that a distribution
which is flat in one variable need not remain flat after a transformation of that

variable, in our case a = tgp. The flat prior in ¢ is, properly normalized

S < (128)

|
o3

p(gp) = % T
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FIG. 5: The left hand panel shows straight lines through the origin with constant increment Ag
in slope. The right hand panel shows a series of straight lines with constant increment Ay of the

angle versus the x-axis.

In course of a transformation a = tgy we have

p(p)de = p(a)da

dy 1 |dp
p(a) =p(p) - dal = 7 da (129)
da 1 o\ —1/2
a=tgp @:cos%o . cosp=(1+a?)"V
1 1
- .- 130

This result, which is based on our intuition of an uninformative prior for the orientation of
a straight line through the origin, shall now be derived from the transformation invariance
requirement. We consider the two systems of coordinates (z,y) and (z', y') which are rotated
by an angle ¢ with respect to each other (Fig.6).

The angle of the straight line with the x-axis is & and with the 2’ axis 3. Then

y=ar , a=tga , y' =d2 d =tgB (131)

a, # and ¢ are related through the addition theorem for the tg function

tga — tgp

tgf = ——"— 132
90 1+tgatgy (132)
If we define z = tgyp and o’ = (a — 2) /(1 + az) then
’ ! a—=z ’
p(a)da = p(a')da" = p <1 n az) da (133)
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FIG. 6:

since p(a)da and p(a’)da’ are the same elements of probability mass described in two different

systems of coordinates. The Jacobian is

@
da’

(1+ az)?
= 7 134
1+ 22 (134)

and hence we obtain for all z

p(a)M = p<a_z> (135)

1+ 22 1+az

Taylor expansion of both sides of (132) around z = 0 yields

d (1+az)? o d a—z
i Sl M — — 136
p(a) +pla) — 5 _F p(@) +p'(a) - T~ » (136)
Comparing the coefficients of z yields the differential equation
2ap(a) = (1 + a*)p'(a) (137)
with properly normalized solution
1 1
=_ 138

which is the same as our intuitive guess (130).
The obvious and practically important generalization of our model (125) introduces a
constant offset b

yi=oar; +b+e; (139)
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FIG. T:

The likelihood for this model is

o 1 \" 1 )
p(Y|Z,0,a,b, 1) = < 27) exp {_Tc? Z(yz —ax; — b) } (140)

o -
)

from which we wish to estimate in addition to slope a also the offset b. Bayes’ theorem
yields
p(a,b|g, T, 0, 1) = p(a, b|I) - p(§|Z, 0, 0,6, 1) /p(§]Z, 0, 1) (141)
p(a,b|I) can be further expanded into p(a|l) - p(bla,l) with p(a|l) already known (138).
To obtain p(bla, I') consider a bundle of parallel straight lines of width 2 B. The associated
density is ( see Fig.7)
p(bla=0,1)=1/2B (142)

For arbitrary a the width of the bundle is 2B’ with density 1/2B’, hence

1 cos o 1 1
bla,I) = = = —- 143

The complete, properly normalized prior for a,b in —oco < a < 0o and —B < b < B is then

1 1
pla.bll) = 75 T e (144)

This completes our examples for the application of the requirement of transformation in-

variance to the determination of prior probabilities.
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III. PARAMETER ESTIMATION

Data from physics experiments are usually explained by a model which in turn is specified
by a certain set of parameters. The particular numerical values of the parameters select one
particular model out of the whole class. The traditional way to estimate these numerical
values on the basis of the given data has been the least squares method. Bayesian estimation
goes beyond the least squares approach because it allows to incorporate prior knowledge into
the analysis. The important advantage of Bayesian parameter estimation using informative
priors is that any new bit of information can be processed. In particular progress can be
made also if the number of data is smaller than the number of parameters to be estimated.
In this section we shall apply the results of Chapter I and II in two specific examples of

parameter estimation.

A. The weighted arithmetic mean

The first example is again the arithmetic mean of a series of data d; with (unknown) true
errors 0; and apparent - as measured - errors s;. We shall be interested in the estimate of
the mean and shall further address the question wether the quoted errors s; are consistent

with each other. Let p be the quantity we want to estimate, then

pldi.1) = [] ——exp {—; > (i m?/a?} (145

i i
Unlike in previous considerations of the arithmetic mean we have assumed in (145) that the
true error o, may be different for every data point di. The likelihood (145) is formulated
in terms of the true errors o;. These are hardly ever known. Frequently, however, an
approximation s; to the true standard deviation o; is known. We shall assume in the
following that s; are known, but may suffer from a systematic deviation from ¢; which we

specify by a common factor . The probability density of o; given s; and « is then
p(0i|8i7 a, I) = 6(Uz - OéSi) (146)

As a first step of our analysis we remove o; from the likelihood (145) with the help of (146)

=

pldln a5t = [ plsa D) pldlu,5. 15 (147)
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Integration over o; results here simply in the replacement of o; by as; in (145)

0,57 = (H %) exp {—i > (i - u)?/sf} (148)

(2
We rewrite the exponent in (148) as

N

o= /s = st =2y difsE Y 1/ (149)

i
It is convenient to introduce the definitions

N N

N
Y 1/si=N/p’ Y di/si =ND/p*,y di/s] = ND?/p’ (150)

)

=

and find the likelihood p(d|u, o, 3, 1)

L 1 P —
pldlp, . 5,1) = —5 (H &ﬁ) exp{ 2a2p2(u 2uD + D )} (151)

i
In the first step we wish to estimate a from this likelihood. Bayes’ theorem

p(ald, 5, 1) = p(all) - p(dle, 5, 1) /p(d]5,T) (152)
requires the marginal likelihood p(da, §,1) which we obtain from (151) by marginalizing
over p with some suitable prior. Since p is a location parameter we choose the prior in p
flat as

1
p(,U/|I) — W: Hmin S M S Hmazs W = Hmaz — Hmin (153)

The required marginal likelihood is then

Hmaz

pdla,sy = [ el ol 0,5 Dy (154)
fmin
The likelihood under the integral (154) is more or less strongly peaked as a function of p.
The amount of localization depends on the number and quality of the data. We use the
assumption that the integrand in (154) is well localized to replace the limits of integration
(Hmin, thmaz) by 0o with negligible effect on the value of the integral. The latter is then
again of the standard Gaussian type (22,28).

n 1 1\ Vv2r [a2p?) Y2 N
dla,5,1) = — - - AD? 1
B R s i e S I
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Since a? sets the scale for AD? in (155) the appropriate uninformative prior for substitution

into Bayes’ theorem is Jeffrey’s prior 1/«. This yields the evidence

8, 2 do 1 ’
p(d|5, 1) W 27 ( )/ ;aN lexp{—%} (156)
0

The remaining integral is of our second standard type (115) and the evidence becomes finally

pds 1) = - %ﬂ (H S&) %% (157)

This is all we need to write down the posterior distribution of a (152) from which we

want to derive estimates for o and Aa?. Note that the posterior as a function of « is not
a Gaussian. So we expect differences between the exact moments of a, < o" > which
can easily be calculated in the present case and the corresponding moments in Gaussian
approximation. The latter are given by (69, 70) as

d . 2 , N
T logplald5.0) = (56 = T ) lacanas =0 (158)

with solution e, = ¢ - 1/2/N

RIS T o

AdZ, at
It is interesting to compare the approximate moments with the exact moments in the present

case

- 2 1 1 (%2
pd|5,1) < o >—V?/ WW<HS\/%>§ % (160)

i p 2w 1 1 (%)
I <a>=—1/— o 161
p( |87 ) o w N (];[ S“/%) 2 ¢N—2 ( )
Combining the results of (157, 160, 161) we obtain for the mean and variance of « in units

of ¢

<a>/¢):%, <Ad? > [/ = NQ_S—EEZ;] (162)

2 2
The following table compares this result (162) with the Gaussian approximation (158,159).
< a > and < Aa? > have again been taken in units of ¢ and ¢? respectively. These
quantities are unique functions of the sample size N. The table shows that the Gaussian

approximation can be considerably in error particularly for small samples. It is by no means
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approximate exact

N Cmaz Az, <a> <Aa? >
4 0.70711 0.06250 1.12838 0.72676
8 0.50000 0.01563 0.60180 0.03783
16 0.35355 0.00391 0.38477 0.00580
32 0.25000 0.00098 0.26036 0.00118

a panacea. The table suggests, however, that the difference between exact and approximate
values vanishes rapidly as the sample size becomes large. This may even be proven if we

replace the I-function ratios in (162) by their asymptotic values employing Stirling’s formula
T(2) ~e 727 Y2 . \/2n (163)
This yields the ratio for large N

() () (B s

Substituting /2 = N/2 — 1 in the rightmost bracketed term this may be shown to be equal

/2 and the large N limit of < o > becomes equal to the Gaussian approximation

to e”
result.

The second part of our parameter estimation exercise is the estimate of y and its variance
Ap?. The posterior distribution p(u|ci: §,I) is given by Bayes’ theorem

=

p(uld, 3, 1) = p(u|D)p(dlp, 3, 1) /p(d]5, T) (165)

-

in terms of the marginal likelihood p(d|u, §, I) and the prior p(p|I), for which we shall again
I

—
—

choose (153), and the evidence p(d|3, I) which we have already calculated (157). It remains
to calculate the integrals

(g, I)- < p¥ >= /u’“dup(u, I) / %ap(diu, a,5,1) (166)
Since p(cﬂu, o, 5, I) is of Gaussian type in p we conveniently reverse the order of integration
and apply again the standard Gaussian formulae. The subsequent a-integration leads then
to formulae of the standard type (115). The procedure is somewhat lengthy but elementary
and yields

— ADQ
<p>=D < Ap? >= N3

(167)
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Recall the definition of D2 and D (129) to realize that the variance < Ap? > depends now
on the errors of the individual measurements s; and on the data dispersion.

Our result differs in this respect from the conventional well known weighted average which
we obtain from (151) by fixing o to v = 1. This corresponds to the state of knowledge that
the measured errors s; are identical to the true errors o; (146) in which case

<ula=1>=D ,<Au2|a:1>:p—2:{21/82}1 (168)
N i
It is immediately obvious that our result (167) is much superior to (168) since it is intuitively
unacceptable that the standard deviation of the mean should only depend on the quoted
errors of the contributing data regardless of the data scatter.

We shall now discuss an application of the developed formulae. The system of physical
constants and conversion factors arises from a critical joint evaluation of a series of mea-
surements like the quantum Hall effect (QHE), calibration of the Ampere (A), gyromagentic
ratio of the proton 7, and many more. The employed algorithm is essentially least squares,
which means that the errors quoted with the individual measurements determine the weight
of the respective quantity in the overall evaluation. Out of the many possibilities let us con-
sider the raw data on the quantum Hall effect and the calibration factor for the realization
of the Ampere and answer the question wether the data are consistent with their quoted
error.

The following table is drawn from Rev.Mod. Phys. 59 (1121) 1987.

As a result of our analysis to the above data we realize that the conventional error estimate
(168) is too optimistic for the quantum hall effect while the quoted error for the calibration
factor of the Ampere is unduly large. This means with respect to the evaluation of physical
constants and conversion factors that the weight of the quantum hall effect data is too
large by a factor of (21/16)? = 1 : 1.7 while the calibration factor for the Ampere deserves
an increased weight by (25/20)? = 1.25. This concludes our first example for parameter

estimation.
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QHE A

value €error value error
25812.8469 0.0048 0.9999974 0.0000084
25812.8495 0.0031 0.9999982 0.0000059
25812.8432 0.0040 0.9999986 0.0000061
25812.8427 0.0034 1.0000027 0.0000097
25812.8397 0.0057 1.0000032 0.0000079
25812.8502 0.0039 1.0000062 0.0000041
mean error mean error
0.0016 [168] 0.0000025 [168]
25812.8461 1.0000021
0.0021 [167] 0.0000021 [167]

B. Straight line fit

As a second example we choose the fit of a linear model y = ax+b to a set of data (z;, y;).
The model equation is

yi—ar; —b=¢e;, i=1,...,.N (169)

We assume that < g; >= 0 and < &7 >= o2 are known. The maximum entropy distribution

based on this knowledge is

1\ 1 &
7= 2
p(d|Z,a,b,0,1) = ( > exp {_Tc? g (y; — ax; — b) } (170)

o\ 2T -

Our goal is to estimate parameters a, b from the likelihood (170) via Bayes’ theorem

p(a,b|g, T, 0, 1) = p(a, b|I) - p(§|Z, a, b, 0, 1) /p(§]Z, 0, 1) (171)

The prior probability p(a,b|I) was derived previously from transformation invariance re-
quirements (144) so that we can proceed to define the integrals to be done. We treat the

evidence first

00 B
o= () . / da /dbe S i —am -2 (72)
POES D= ovan 4B (14 a?)3/? P T - Yo

—00 —-B

34



The inner b-integral has Gaussian structure with respect to b. With the additional assump-
tion that B is sufficiently large in comparison to the width of the exponential the limits of
integration (—B, B) can be shifted to (—oo,00) with negligible effect on the value of the
integral. These new limits allow once more the application of the formulae for standard

Gaussian integrals (22, 28). We rewrite the exponent in (172)

1 N —
252 (yi — az; —b)* = @(y—aﬁ)hr oz
7

(y —ax) (173)

and apply (28) to obtain

oV 21 4B /N
r da N 2 (174)
/m 'eXP{—T‘Q [(y—ax)2 — (y — ax) ]}

The remaining integral cannot be done analytically and we resort therefore to the Gaussian

approximation (69)
————31 1+ 2——N A2 + a?Az? — 20AzA 175
o(a) 5 og(1+ a”) 5oz |AY? +atAz aAxAy (175)

Let ag be the minimum of ¢(a). ag is the solution of

—3a o2

ClAflj2 — AflfAy = m ﬁ

(176)

For reasonable data sets meaning large N and moderate o the right hand side of (173)

becomes very small and the lowest order solution in a becomes
ars = AvzAy/Ax? (177)

The index LS means "least squares” and signals that aps is the value of a where the
likelihood (170) attains its maximum. We can use (177) to substitute it in the right hand

side of (176) for a first order solution for ag

3'0’2 ars

R~ - — 178
Qo ~ ars NAZ 1+ a%s (178)
The second derivative of ¢(a) at ag is
d? NAx? 1— a2 1
Top _ Naww g loe 1 (179)
da? |, o (1+a3) o
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and the approximate value of the evidence integral (172) becomes

——exp{—d¢(ao)} (180)

1 A | 2mod
4B N

p(§|7, 0, 1) = (

o\ 2T

The moments of a, or more precisely, mean and variance of a are then calculated from

00 B
- " a™da
p(J|%,0,1) <a” > = / m/db exp{—E(a,b)} (181)
—00 -B
and correspondingly for b
o0 B
= = n da n
—00 -B

The inner b—integrals are standard in both cases and the remaining a—integration proceeds

exactly along the lines demonstrated for the evidence. The results are

<a>=a ,< Ad? > =0} (183)
0.2
<b>=7— a7l ,<Ab2>zﬁ (184)

This completes our analysis in parameter estimation for a linear model in two dimen-
sions. From the definitions of ay and oy we find that the terms originating from the prior
distribution p(a, b|I) become negligible in the large N small o limit which is identical to the

well known and frequently applied least squares solution.

IV. BAYESIAN MODEL COMPARISON

Comparison of different physics models given a set of data is an ubiquitous problem
in physical data analysis. In particular the question how complicated a model should be
in order to satisfactorily explain a given data set is of paramount importance. Evidently
a model with N parameters will explain any set of N data pointwise. Nothing has been
learned in this case. What we want is a model sufficiently refined to explain the mainstream
behaviour and sufficiently simple to avoid the fitting of noise. Bayesian probability theory

provides a conclusive solution to this problem.
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A. Linear versus nonlinear relationship

To begin let us again consider a set of data d; measured at settings of an independent
variable z; and suppose we have reason to expect a linear relationship between d; and x; of
the simple form

di —ar; = ¢&; (185)

Assuming < g; > = 0 and < £? > = 02 the maximum entropy distribution for this model is

p(d|a, @, 0, My) = < ! ) exp {—% Z(dz - axi)Z} (186)

oV 2T -

A hypothetical model M, may consist of replacing z; by 1 — exp {z;}, hence

p(dla, T, 0, My) = ( 1%) exp {_T; > (di —ale — 1))2} (187)

o i
The question which we then want to answer on the basis of these likelihoods is, what is the
probability of model My, k = 1,2 given the data {d;}, {z;} and 0. Bayes’ theorem yields
P(Mild, 7,0, 1) = p(Ml1) - p(d|, 0, My, 1) /p(d], 0, 1) (188)
Since our interest is usually focused on the question of how much model M, is to be preferred
over model M, we take the odds ratio of (188) evaluated for M; and M, respectively

p(Mi|d, & 0,T) _ p(Mi|T) p(

f,O’, Mlal)

(189)
f: o, M27 I)

|
p(Mo|d, #,0,1)  P(Ma|I)  p(d]
It is composed of two factors. The first factor p(M;|I)/p(Ms|I) is called the prior odds. This
factor allows to incorporate expert knowledge as to how much model M, is to be preferred
disregarding the newly available data {d;},{x;},o. The second factor is called the Bayes
factor. It modifies the stated expert knowledge by the information contained in the data.
The necessity to specify prior knowledge on the models M; and M may at first sight cause
uneasiness. In physics, however, the ratio p(M;|I)/P(Ms|I) is in almost all sensible cases
equal to one since the unability to give preference to either model is the unique driving
force for the design and performance of a new experiment. The evidence associated with

the likelihood (187) is
p(dl7, 0 My, T) = / p(all) - p(d|7, o, a, My, T)da (190)
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We shall approximate this integral assuming that the likelihood is a well localized function
in a such that the variation of the prior p(a|l) in the region where the likelihood differs
significantly from zero modifies the value of the integral (190) insignificantly. Thus

—

p(dl7, 0, My, ) ~ plag|I) - / da p(d|7. 0,0, My, 1) (191)

where ag is the value of a where the likelihood has its maximum: aqy is obtained from

(177,186) as ag = dx/22. The remaining integral is standard Gaussian and we end up with

- 1 \" /2102 Nd? ( (%)2>
2.0, My, T) ~ plag|I) - Y S 0N 192
pld|, 0, Mn, 1)  plao|l) <0\/ﬂ> Na? exp{ 20?2 d? (192)

So far we have left open the question which prior to choose. The natural choice is of course

the prior (130) derived from the requirement of transformation invariance. Suppose for a
minute we were less educated and chose a flat prior 1/2A in the range —A < a < A. Tt is
clear from (192) that the choice of the prior affects the value of the evidence, in fact for our
special case we have _
p(aﬂf, o, My, priorl) m(1+ a?) (193)
p(d|Z, o, My, prior2) 2A

This tells us that the choice of prior is crucial for the numerical value of the evidence. In

particular we realize that improper priors A — oo will usually be inappropriate in model
comparison problems unless they cancel in the odds ratio. This is the case in our simple
introductory example. The evidence for model M, may be obtained if we define x* = e® — 1
from (192) simply by replacing = by z*. The odds ratio becomes then

p(@f, 0, M) _ @.exp {_Nﬁ <(W)2 B @)2>} o

od7, o)\ 2 200 \ @2 &

(194) has been evaluated for the two sets of simulated data shown in Fig.8. The data were
generated in both cases as d; = exp(z;) — 14 noise. The variance of the noise was also the
same in both sets. The only difference is in the sequence of the random number generator
which was used to impose noise on the data. It is customary to quote the natural logarithm
of the odds ratio instead of the odds ratio itself. For the left part of Fig.8 the log-odds
is +0.91 which indicates a slight preference for model (186) while for the right hand data
set we find a log-odds of —5.14 indicating a clear preference for model (187). The question
arises at this place how the figures on the log-odds should be interpreted. A classification

taken from the literature is given in the table.
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data
data

0.5 t +

+M

FIG. 8: The data in both panels were generated from d; = exp(z;) — 14 noise. The noise variance
is the same in both sets. The only difference between the data in both panels is the random number

sequence used to generate the data.

The meaning of log-odds numbers

hardly significant <1
positive evidence 1-25
strong evidence 25-5

overwhelming evidence > 5

This case of model comparison calls for a comment. Remember, that both data sets in
Fig.8 were generated according to d; = exp(x;) — 1+ noise. It is the noise imposed on the
data which makes up for the difference between the two sets. Probability theory favours
a linear model for the left panel though the generator was non-linear. This tells us quite
clearly that probability theory can not do wonders. It has no knowledge about the generator
and interprets the particular given data sets in terms of the suggested models.

It may not be obvious to the naked eye but can clearly be demonstrated with the help
of a ruler that the data in the right hand panel exhibit a slight curvature and are hence

preferably explained by model (187).

B. Classification of model comparison

The general problem of Bayesian model comparison can be classified in terms of three

cases.
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1. The models which we wish to compare contain the same amount of parameters with

the same meaning and prior distributions (194, 187, 186).

2. The most general case arises when the number of parameters differs from model to

model and different models occupy different volumes in parameter space.

3. An interesting case occurs with hierarchical models. We call a class of models hierar-
chical if the model of order (N —1) is completely contained in the model of order N. A
frequently encountered example for this case is a series representation of an unknown

function.

The following approximate consideration can be made in case 3. The evidence is

—

iz, 0 001,1) = [ p(d817,0, 043,115 = [ (@D

16,2, 0, My, I)d6 (195)
where 0 represents the set of parameters which characterize model M;. Assume a sufficiently
large number of well behaved data. In such a case the likelihood p(cﬂ@ Z,o,M,I) is a
strongly peaked function around some value f. The prior in 0 varies comparatively slowly

and the prior p(6]I) can be taken out of the integral with 6 set to 6.

p(dl, 0, My) ~ p(]0M3) / 462 ()

~
-

~ p(0]My) - L(0) - (dO)" (196)
E; is the dimension of the parameter space in model M;. From the normalization of the
prior

/p(§|M1)d§: | = p(AlMy) - (AB)E! (197)

we obtain an estimate of the prior volume (A#)F! in parameter space. (196) and (197) can

of course as well be formulated for a model M,. The combined result yields the Bayes factor

By = —= (198)
,C(9|M1) (dg)El (AH)E2
which simplifies to X
LO|My) [ do\ "
By = M : (E) (199)

The result contains two factors with mutually opposing trends. Let Ms be the model which

contains more parameters, Fo > F;. Since we have assumed that model M; is entirely

40



contained in model M, the likelihood £(§|M2) is greater than £(§|M1) or at least equal.
This follows simply from the fact that the additional parameters contained in M, will allow
at least a fit as good as with M; and nearly always a better one. The likelihood ratio is
therefore > 1. Next we investigate the volume factor. Remember Fy > E; and df < A#.
This latter assumption relates to a situation where the prior is less informative than the like-
lihood. The prior knowledge about the parameters encoded in p(d]I) is then more diffuse
than the localization of the likelihood. The parameter space volume ratio (df/Ag)F2=F1) ig
therefore smaller than one and penalizes the use of additional parameters. The volume ratio
factor is usually called Occam’s factor and the net effect of the mutually opposing trends is
called Occam’s razor. Occam’s razor limits the complexity of models since it requires that
additional complexity e.g. more parameters in a model must lead to an increase in the likeli-
hood ratio sufficiently strongly such that the decrease of Occam’s factor is overcompensated.
This is the mathematical formulation of William of Occam’s principle that in case that two
different explanations apply equally well to a given situation, then the simpler one should

be preferred.

C. Hierarchical models

We shall conclude this chapter on Bayesian model comparison with an example for hi-
erarchical model comparison. Consider a set of data as depicted in Fig.9. The set of data
{d;} is taken at the set of independent variable {z;}. Let &; be the error on data point ¢ and
< g >= 0, < e? >= 0?. We shall then attempt to resolve the question whether the data

represent a constant or a linear relationship.
M, - d; = sx; + b+ ¢, M,y - d;=b+¢; (200)

For comparison of these models we assume that we have no prior preference such that the
prior odds in (189) is equal to one. It remains to evaluate the Bayes factor. The marginal

likelihood (evidence for model M) is

p(dlz. &, M) = /p(b, s|T) - p(dl7,,b, 5, T) dbds (201)
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FIG. 9: The data are generated according to d; = sx; + b + €; with individually varying noise. Is

s =0 or s # 0 to be expected from this set?

The prior probability p(b, s|I) for model M is already known and given by (144). The

likelihood based on the above error assumption is

p(cﬂf, G,b,s,1) = (H 0-5%) exp {—% Z(dl — sm; — b)Q/O'?} (202)

i

It is very similar to the previously used form (170,172) where o was common to all data

points. The b-integration is therefore very similar to the previous result (174) and yields

_ 1 1 2 p? | 2
d — — M —_ .

ds N
/ m - exp {_2—p2 (AD2 — 2SA_DA"L' + SQAIL'Q) } (203)

The average values and the definition of p follow the convention (150). The remaining s-
integral in (203) cannot be done in closed form. We have previously applied the Gaussian
approximation to this type of integral (175). For the present purpose we shall be content
with the even simpler peak approximation (196) and take the prior factor out of the integral

with s = s*, the maximum of the likelihood
s* = ADAx/Az? (204)
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The remaining integral is then of the standard Gaussian type (22,28) and the evidence

B 1 1 27rp2}1/2 {27rp2 }1/2
d|@, &, M) = — - Sl
i)~ - (T ) (32} {22

| NAD? (AzAD)’
cexp — (1 - o (205)
(1 +ADAz/Ax?)3/2 2p Az? AD?

The evidence for model M, can be picked from the above calculation (203) before the

becomes

integration over s is carried out by letting s pass to zero.

. 1 1 27 p2\ 1/ N —
p(d|Z, G, M) = 1B (H Uz‘ﬁ) < N ) exp _2—p2'AD (206)

i

From (205, 206) we derive the odds ratio O

1/ 2mp® \ 1 N (AzAD)
0:—< 71) N — )N (207)
2 \ NAz? (1+ ADAz/Ax?)3/? 2p Ag?

Recall that O > 1 favours a linear relationship between ¥ and d while O < 1 favours a

constant. Of critical importance for the value of O is the Occam factor
(14 AzAD/Axz?)~3/? (208)

which follows from the prior in s. Suppose, that we had taken a flat prior in s within
some reasonable limits p(s) = 1/AS. The odds ratio decreases then linearly with AS and
would eventually favour the simpler constant model M, even if the data show a clear linear
trend. In Bayesian model comparison one does not get away with pretending innocence. On
the contrary, one has to specify the prior knowledge as precisely as possible. In particular
improper priors (110), (124) are of no use at all in comparison of models containing different
numbers of parameters.

The odds for a linear versus a constant model for the data in Fig.9 favour the linear model
with an odds of +3.65. Note that the data were generated with a slope of +0.3. The straight
forward least squares result neglecting the different errors yields a slope of —0.104 while the
correctly weighted data yield a slope of 0.365. This shows the importance of correct account
for individual errors. In fact, the preference for a linear model to explain the data in Fig.9

rests nearly totally on the two points with very small error. Intuition is not a good guide
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in this case, since it appears to be based on the scatter of the data only. Our brain cannot
spontaneously deal correctly with confidence margins.

Here ends the introduction to Bayesian analysis in physics. The examples presented
were chosen as realistically as possible and yet they leave the impression of being slightly
artificial. The choice was primarily dictated by the involved computational complexity. This
rises strongly as one leaves one- or twodimensional problems. A forthcoming second series
of lectures will therefore start with techniques for efficient evaluation of multidimensional
integrals as a prerequisite to treat problems as they arise in an experimentalist’s everyday

work.
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